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ON THE ABSENCE OF STATIONARY CURRENTS
SVEN BACHMANN AND MARTIN FRAAS
Abstract. We review proofs of a theorem of Bloch on the absence of macro-
scopic stationary currents in quantum systems. The standard proof shows
that the current in 1D vanishes in the large volume limit under rather general
conditions. In higher dimension, the total current across a cross-section does
not need to vanish in gapless systems but it does vanish in gapped systems.
We focus on the latter claim and give a self-contained proof motivated by a
recently introduced index for many-body charge transport in quantum lattice
systems having a conserved U(1)-charge.
Although he never published the result himself, Bloch proved in the early thirties
that the state of lowest free energy cannot carry a net mean current. The first
published proof thereof is due to Bohm [1], who further argues for the vanishing of
the current in a ring of large radius. More recently, Ohashi and Momoi revisited
the proof in a second quantized setting [2], while Yamamoto [3] and Watanabe [4]
insisted on the role of gauge invariance and the relation to the Lieb-Schultz-Mattis
theorem [5]. Finally, the many-body index introduced in [6] provides an alternative
point of view on the proof of Bloch’s theorem, which extends to higher dimensional
settings but requires a gap.
This note focuses on interacting lattice systems having a U(1)-conserved charge,
defined on a ring or a higher dimensional torus. While widely known, the theorem
has a somewhat vague status in the mathematics literature: the goal of this note
is to clarify both the statements and the assumptions. In particular, we note that
time reversal symmetry is not required for the validity of the statement.
While we shall give precise versions of the theorem later, we immediately provide
an informal statement.
Theorem. For a gapped system, the ground state expectation value of the total
current flowing through a hypersurface vanishes. In 1D, the same holds without the
gap assumption.
For non-interacting electrons on a line, the theorem is a problem in spectral
theory. Let H be the single-particle finite range Hamiltonian. Then the (single-
particle) current J across a fiducial point is
J = i[H,Q] (0.1)
with Q the charge on the half-line originating at the point. Since J is a trace class
operator, the many-body ground state expectation is
tr(PF i[H,Q]) = i tr(PF [H,Q])
where PF is the Fermi projection, namely the projection onto the eigenspace of
H corresponding to energies below the Fermi energy EF , and Q = PFQPF . If
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the Fermi energy lies in a gap of H , then Q is a projection up to a trace-class
perturbation, see [6], and it has a complete set of eigenvectors. In this basis, all
diagonal elements of PF [H,Q] are zero, and the trace vanishes by Lidskii’s theorem.
The many-body charge on a half-line is in general not a well-defined operator.
In fact, the description of interacting systems in the infinite volume limit is at best
technically involved. As is customary, we shall rather consider a system confined to
a box of width L (here with periodic boundary conditions), compute the expectation
value of the current, and only then send L to infinity. This finite volume approach
has the advantage of providing explicit bounds for convergence rates, which, as we
shall see, carry physical information.
Crucially, the current in a finite volume cannot be expressed as a rate of change
of charge as in (0.1). For a charge operator Q on a segment with two endpoints, the
commutator i[H,Q] is a sum of two contributions supported in a neighbourhood of
these endpoints. The relevant current operator J corresponds to only one of these
two contributions, and we show that each one of these two contributions vanishes
separately. The above purely spectral theoretic argument cannot be applied and
we need techniques to restrict the attention to subregions of the physical space.
From this point of view, Bloch’s theorem is one of the simplest examples of the
use of spectral theory in a many-body setting with locality constraints. The toolkit
that we are going to use was developed in [7, 8, 9].
We will present two arguments for the proof of the theorem. The first one goes
back to the original article of Bohm and was sharpened considerably in later works,
see in particular [4]. It shows that the current vanishes as L−1 in 1D . The second
argument is parallel to that of our recent work [6]. It requires a gap condition but
shows that the total current vanishes as L−∞ in any dimension.
1. The classical proofs: a variational argument
In this section, we follow [4]. We consider interacting electrons on a discrete ring
Π = Z/LZ. The charge operator at site x is given by qx = a
∗
xax, the charge in an
interval is Q[a,b] =
∑b
x=a qx and the total charge is QΠ =
∑
x∈Π qx.
The two essential assumptions on the system’s HamiltonianH are first its locality
H =
∑
x∈Π hx,x+1, and second the charge conservation
[H,QΠ] = 0.
Of course, the nearest neighbour assumption is there for simplicity, the argument
below is easily adapted to any finite range Hamiltonian. Together, the two assump-
tions imply that for any x ∈ Π, hx,x+1 can be chosen to individually satisfy
[hx,x+1, QΠ] = 0. (1.1)
Indeed, suppose thatH =
∑
x∈Π h˜x,x+1, then by charge conservationH =
∑
x∈Π hx,x+1,
where
hx,x+1 =
1
2pi
∫ 2pi
0
eiθQΠ h˜x,x+1e
−iθQΠdθ
is still supported on {x, x+ 1} and for which
[hx,x+1, QΠ] =
i
2pi
eiθQΠ h˜x,x+1e
−iθQΠ
∣∣∣θ=2pi
θ=0
= 0
since QΠ has integer spectrum.
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For later use, we write the term hx,x+1 as a polynomial, px,x+1, in the local cre-
ational and annihilation operators, hx,x+1 = px,x+1(ax, a
∗
x, ax+1, a
∗
x+1). Condition
(1.1) is equivalent to
px,x+1(e
iϕax, e
−iϕa∗x, e
iϕax+1, e
−iϕa∗x+1) = px,x+1(ax, a
∗
x, ax+1, a
∗
x+1). (1.2)
The polynomial can depend on x, but all coefficients are assumed to be bounded
by a constant C. Note that here and below, such constants are always independent
of L.
Local gauge transformations are determined by a function θ : Π → R, and
implemented by the corresponding unitary
Uθ = e
i(θ,q), (θ, q) =
∑
x∈Π
θxqx.
The gauge transformed Hθ = U
∗
θHUθ satisfies the relation
(f,∇Hθ) =
∑
x∈Π
fxi[Hθ, qx], (1.3)
for any function f : Π→ R. We can write Hθ explicitly as
Hθ =
∑
x∈Π
px,x+1(e
iθxax, e
−iθxa∗x, e
iθx+1ax+1, e
−iθx+1a∗x+1). (1.4)
By locality and charge conservation, the operator i[H,Q[a,b]] is the difference of
two currents, one along the edge 〈a− 1, a〉, the other one along 〈b, b+ 1〉:
i[H,Q[a,b]] = J〈a−1,a〉 − J〈b,b+1〉. (1.5)
Using (1.3), we have J〈a−1,a〉 − J〈b,b+1〉 = (χ[a,b],∇Hθ)|θ=0 = ∂sHsχ[a,b] |s=0, where
χ[a,b] is the characteristic function of the interval [a, b]. Comparing with (1.4) it
follows that
J〈x−1,x〉 = ∂spx−1,x(ax−1, a
∗
x−1, e
isax, e
−isa∗x)
∣∣
s=0
.
Accordingly, the current density is given by
j =
1
L
∑
x∈Π
J〈x−1,x〉 =
1
L
∂sH˜s
∣∣∣
s=0
, (1.6)
where
H˜s =
∑
x∈Π
px−1,x(ax−1, a
∗
x−1, e
isax, e
−isa∗x).
In general, the ‘twist’ Hamiltonian H˜s is not gauge equivalent to H . However,
H˜ 2pi
L
= Hϕ
where ϕ is the gauge transformation
ϕx = 2pi
x
L
, x ∈ Π.
Indeed, (1.2) implies that
Hϕ =
∑
x∈Π
px−1,x(ax−1, a
∗
x−1, e
i(ϕx−ϕx−1)ax, e
−i(ϕx−ϕx−1)a∗x),
which is equal to H˜ 2pi
L
for the particular choice of ϕ (note that the twisting is
correct, in particular, for the edge 〈L, 1〉).
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Let now Ω be a (not necessarily unique) ground state of H . In this one-
dimensional setting of a ring geometry, Bloch’s theorem reads: There is constant
C > 0 such that
|〈Ω, jΩ〉| ≤ C
L
. (1.7)
To prove the claim, we expand 〈Ω, (H˜s−H)Ω〉 to the first order. Using (1.6) we
have,
〈Ω, (H˜s −H)Ω〉 = sL〈Ω, jΩ〉+ 〈Ω, RsΩ〉,
where the rest term is given by
Rs =
s2
2
(∂2s,sH˜s
∣∣∣
s=t
)
for some t ∈ (0, s). Hence there exists a constant C such that
‖Rs‖ ≤ s2CL. (1.8)
With this, the energy of the gauge transformed state Ωϕ = UϕΩ can be compared
with the ground state energy
0 ≤ 〈Ωϕ, HΩϕ〉 − 〈Ω, HΩ〉 = 〈Ω, (H˜ 2pi
L
−H)Ω〉 = 2pi〈Ω, jΩ〉+ 〈Ω, R 2pi
L
Ω〉.
Now, the argument can be repeated with ϕ→ −ϕ, yielding the inequality involving
−j. Together, one concludes that
−〈Ω, R 2pi
L
Ω〉| ≤ 2pi〈Ω, jΩ〉 ≤ 〈Ω, R−2pi
L
Ω〉
which yields the claim (1.7) by (1.8).
Let us first point to the strength of the argument, namely the very limited
assumptions made along the way. It is valid for systems having degenerate ground
states. It does not make any assumptions about the spectral gap above the ground
state energy.
Another useful aspect of this variational argument built on a unitary is that it
extends to thermal equilibrium states. Indeed, the free energy of a density matrix
ρ being
F (ρ) = tr(ρH)− β−1S(ρ),
the variation ρ 7→ ρϕ = UϕρU∗ϕ leaves the entropy constant while the energy differ-
ence is given as above. Hence, if ρ is an equilibrium state, namely a minimizer of
F , we conclude that
0 ≤ F (ρ±ϕ)− F (ρ) = ±2pitr(ρj) + tr(ρM±ϕ)
and the norm estimate (1.8) again implies that |tr(ρj)| ≤ CL−1 for equilibrium
states at finite temperature.
On the other hand, let us consider a quasi one-dimension ring of width W ,
imposing periodic boundary conditions in the transverse direction. Replacing in
the discussion above the site x by the full slab [x] of width W , we obtain that
|〈Ω, JWΩ〉| ≤ CW
L
, (1.9)
where JW is the current density per slab. In particular, this is too weak to prove
the vanishing of the current across a full ‘cut’ of a two-dimensional system where
W/L → r > 0 as L → ∞. This illustrates that the arguments above does not
extend to higher dimensions.
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We shall show in the following sections how this limitation can be overcome by
assuming a spectral gap above the ground state energy, while still keeping a possible
(finite) ground state degeneracy.
2. Absence of currents in gapped systems
For simplicity, we phrase the result in the geometric setting of a two-dimensional
torus. Let Λ = (Z/LZ)2 be the discrete torus, with vertices denoted x = (x1, x2) ∈
Λ. It is equipped with a metric d(·, ·), which we take as the graph distance. The
Hilbert space of the system is
H = F−(C|Λ|),
where F−(C|Λ|) is the antisymmetric Fock space of |Λ| degrees of freedom. The
observables are even elements of the CAR algebra, namely linear combinations of
even monomials in the fermionic creation and annihilation operators.
We denote QX =
∑
x∈X qx the charge in a set X , in particular QΛ is the total
charge. Let H =
∑
X⊂Λ hX be a local Hamiltonian having finite range, by which
we mean that
hX = 0 whenever diam(X) ≥ R,
and which is charge conserving,
[hX , QΛ] = 0
for all X , see (1.1). The spectrum of H is assumed to have a gap, namely
σ(H) ⊂ Σ ∪ Σ+ (2.1)
where dist(Σ,Σ+) = γ > 0 uniformly in L. Then P is the spectral projector
P = χΣ(H)
associated with Σ, which we assume to have a constant rank p = rk(P ) for all L
large enough. The case we have in mind is a projection on low laying states, and
we call P the ground state projection.
Let Γ = {x : 0 ≤ x1 ≤ L/2} be the half-torus, and let ∂± be strips of width
R around the boundary of Γ, i.e. ∂− = {x : |x1| ≤ R}. We denote Q = QΓ the
operator of charge in the half-torus. Charge conservation and the fact that H has
finite range implies that
i[H,Q] = i[H−, Q] + i[H+Q] = J− − J+, (2.2)
where H± =
∑
X⊂∂±
hX and hence J± is supported in ∂± respectively. Since the
distance between ∂− and ∂+, is proportional to L, it is possible and will be useful
to consider in H± all terms supported in wider strips S± that are still a distance
L apart, but have themselves a width of order L. Of course, this does not modify
the operators J± at all.
We consider the total current through a fiducial line at x1 = 0, namely we put
J = J−. By
L
= we denote an equality up to O(L−∞) terms (in the topology of the
norm in operator equations).
Theorem 2.1. In the setting above,
tr(PJ)
L
= 0.
In particular, the average current in the state P vanishes in the large volume limit.
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In the proof, we will use operators K±, introduced for the present purpose in [6],
that encode charge fluctuations in the state P on the boundaries ∂±. Specifically,
there exist operators K± such that
(i) ‖K±‖ ≤ CL,
(ii) [K±, AX ] = O(dist(X, ∂±)−∞), where ‖AX‖ = 1 and supp(AX) = X with
|X | ≤ C,
(iii) Q := Q− (K− −K+) leaves the ground state space invariant, namely
[Q,P ] = 0. (2.3)
Note that (i,ii) imply that K± are supported in ∂±, up to tails having a fast decay.
Explicitly, let K be defined by
K :=
∫ +∞
−∞
W (t)eitH i[H,Q]e−itH dt = Ŵ (−adH)(i adH(Q)), (2.4)
withW a real-valued, bounded, integrable function satisfyingW (t) = O(|t|−∞) and
Ŵ (ω) = − 1iω for all |ω| ≥ γ, with γ the spectral gap. These properties imply that
[K,P ] = [Q,P ]. By the Lieb-Robinson bound, we conclude that the splitting (2.2)
lifts to K = K− +K+.
Proof of Theorem 2.1. By the support properties of K± and J , we have
J = i[H,K−] + i[H−, Q] +O(L−∞),
where we used that both [H−,K+] and [(H −H−),K−] are O(L−∞). With (2.3),
we conclude that
PJP = i[H,PK−P ] + i[PH−P,Q] + PO(L−∞)P,
and hence
tr(PJ) = O(L−∞),
by cyclicity of the trace. 
Let us make a few remarks about the result. First of all, in the present higher
dimensional setting, this shows that the total current across the fiducial line {x1 =
0} vanishes in the large volume limit and very fast indeed, namely
|〈J〉P | ≤ Ck
Lk
for all k ∈ N, where 〈J〉P = p−1tr(PJ). This should be compared with (1.9).
The cost of this improvement is the additional spectral gap assumption, which we
have seen to be a fundamental ingredient of the proof. Secondly, in the case of
p = rk(P ) > 1, the vanishing may in principle be due to cancellations within the
ground state space. One additional assumption ensuring that this is not the case
is that of local topological order in the ground state space, namely that
PAP − 〈A〉PP L= 0
for any local observable. It implies in particular that both PH−P and PK−P are
proportional to P , since both H− and K− are sums of local terms. Hence the
second line of the proof immediately gives
PJP
L
= 0.
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We also point out that the O(L−∞) smallness of the current is truly a ground
state property so that the above result does indeed not extend to thermal equilib-
rium states.
Operators K± are used in the above proof as a tool to zoom to one of the
boundaries ∂±. The technique was introduced in [6] in the context of many-body
index theory. In fact, Bloch’s theorem is a consequence of this general theory, a
connection we describe in the next section.
2.1. Connection to a many-body index. We briefly recall the definition of the
many-body index introduced in [6] and generalized to the degenerate case in [10],
we refer to [11] for a complete exposition. The theory describes an index associated
to a charge transported across a fiducial hyperplane.
Let U be a unitary on H that implements transport. We assume that U is
generated by a possibly time dependent Hamiltonian G(s) for s ∈ [0, 1], which
may not need to be the generator of the physical time evolution. However, G(s) is
assumed to be local and charge conserving, namely
G(s) =
∑
X⊂Λ
gX(s),
where gX(s) is supported in X and
[gX(s), QΛ] = 0,
for all s. Locality is expressed in terms of the decay of the norm of gX(s) as function
of the size of X , for example by assuming that
sup
s∈[0,1]
sup
x∈Λ
∑
X∋x
‖gX(s)‖
ξ(diam(X))
< C
uniformly in L, where ξ : [0,∞) → (0,∞) is an L-independent, rapidly decaying
function: ξ(r) = O(r−∞). With this, U = U(1) is the solution of the Schro¨dinger
equation
iU˙(s) = G(s)U(s), U(0) = 1.
Its adjoint action on the observables satisfies a Lieb-Robinson bound, see for ex-
ample [12], and hence
U∗AXU ⊂ AX
for any set X , where AX is the set of observables supported in X , up to corrections
whose norm vanish fast in the distance to X . Secondly, U conserves charge in the
sense that
U∗QXU −QX ∈ A∂X ,
where ∂X = {x : d(x,X) ≤ 1 and d(x,Xc) ≤ 1} is the boundary of X . In particu-
lar, the operator of net charge transported into the half-torus has the form
U∗QU −Q L= T− − T+, T± ∈ A∂± (2.5)
where ∂± are the two disjoint parts of the boundary of Γ. This of course is to be
related to (1.5) in the first section. Just as it was there, this specific form follows
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from the assumed locality and charge conservation, as
U∗QU −Q = i
∫ 1
0
U∗(s)[G(s), Q]U(s) ds
L
= i
∫ 1
0
U∗(s)[G−(s), Q]U(s) ds+ i
∫ 1
0
U∗(s)[G+(s), Q]U(s) ds (2.6)
identifies T±. Indeed, by charge conservation the local expansion
[G(s), Q] =
∑
X⊂Λ
[gX(s), Q]
asymptotically splits into the two contributions X ∩ ∂− 6= ∅ and X ∩ ∂+ 6= ∅ where
each one belong to A∂− , respectively A∂+ , since the sets X of diameter diam(X) =
o(L) (in particular those that span both ∂±) have vanishing contributions for large
L. The Lieb-Robinson bound yields the claim (2.5).
The final hypothesis of the theorem relates P and U : the range of P is asymp-
totically invariant under U , namely
[U, P ]
L
= 0.
Theorem 2.2. Under the assumptions above,
dist(tr(PT−),Z)
L
= 0.
In other words, the expected charge transport across the fiducial line (which in
the present two-dimensional setting has length L) is an integer multiple of 1/p for
large L to almost exponential precision.
Although we shall not delve into the proof, we point out few basic ideas. First
of all, the gap, together with the Lieb-Robinson bound, implies that P satisfies a
clustering property,
PABP − PAPBP = min{|X |, |Y |}O(d(X,Y )−∞) (2.7)
for any A ∈ AX , B ∈ AY , see [13, 14].
While [Q,P ] = 0 implies that charge fluctuations between the ground state
space and its orthogonal complement vanish, which is in stark contrast with the
fluctuations of the charge in the half-space Q, the two ‘charges’ have the same
expected transport since
tr(P (U∗QU −Q)−) L= tr(PT−)− tr(P (U∗K−U −K−)) L= tr(PT−)
by the support property of K− in the first equality and cyclicity of the trace with
[U, P ]
L
= 0 in the second one. The proof proceeds by computing the full counting
statistics [15, 16] of Q though the fiducial line ∂−, which is associated with the
operator Z−(φ) defined by the factorization
U∗eiφQUe−iφQ = Z−(φ)Z+(φ).
This equality further allows us to point to the use of clustering in the proof. Indeed,
the unitary operator Z(φ) on left hand side leaves the ground state space invariant
by assumption on U and construction of Q. But clustering implies that
PZP
L
= PZ−PZ+P
so that
1 ≥ ‖PZ−P‖ ≥ ‖PZP‖ L= 1
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which proves that [Z−(φ), P ]
L
= 0, namely that the ground state space is an invariant
space of Z−(φ), too.
With the index in hand, Bloch’s theorem is an elementary corollary of Theo-
rem 2.2. For any t ∈ [0, 1], we pick
U = e−itH
which is local, conserves charge and commutes with P . Now, the operators on the
r.h.s. of (2.2) are naturally identified with the currents across the lines ∂±, see (1.5).
The charge transported in the interval [0, t] is explicit, see (2.6),
tr(PT−(t)) = i
∫ t
0
tr(PU∗(s)[H−, Q]U(s)) ds = ttr(PJ)
since U(s)PU(s)∗ = P for any s ∈ [0, 1]. All assumptions of Theorem 2.2 apply, so
that
dist(ttr(PJ),Z)
L
= 0,
and since this is valid for all t ∈ [0, 1], we conclude that
〈J〉P L= 0,
which is Bloch’s theorem again.
3. Currents in mesoscopic rings
A recurring question associated with Bloch’s theorem is its apparent contra-
diction with the existence of superconducting currents. A short answer is that
persistent currents in superconducting rings is a mesoscopic phenomenon. We are,
however, not aware of a concrete microscopic model to demonstrate this point. On
the other hand, the related persistent currents in mesoscopic metallic rings [17] is
modelled by a free Laplacian on a ring pierced by a magnetic flux. In this model,
the current can be explicitly calculated. Apart from showing that it indeed van-
ishes in the large volume limit, the example also illustrates that the gap condition
in Theorem 2.1 is necessary: As we will see, the model is gapless and the current
is of order L−1 instead of L−∞ that would be guaranteed by the theorem, had the
model have a gap.
We describe a lattice version of the model [18]. A single particle Hamiltonian
associated to an electron hopping on a ring Π = Z/LZ threaded by a flux φ ∈ [0, 2pi)
is
H = −eiφ/LT − e−iφ/LT ∗,
where
(Tψ)(x) = ψ(x− 1),
and acts on the Hilbert space l2(Π). The normalized eigenstates of H are given by
ψk(x) =
1√
L
e2piixk/L, k ∈ Z/LZ,
with eigenvalues
Hψk = −2 cos
(
φ− 2pik
L
)
ψk.
The Hamiltonian does not have any gap in the spectrum that remains open in the
large volume limit.
We denote by {|x〉, x = 0, . . . , L− 1} the standard position eigenbasis and note
that T =
∑
x∈Π |x + 1〉〈x|. The charge in the interval [a, b] is given by Q[a,b] =
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∑b
x=a |x〉〈x|, namely it is the multiplication operator by the indicator function of
the interval [a, b]. We have
i[H,Q[a,b]] = J〈a−1,a〉 − J〈b,b+1〉,
where
J〈x−1,x〉 = ie
iφ/L|x〉〈x − 1| − ie−iφ/L|x− 1〉〈x|.
The current per edge is
j =
1
L
L−1∑
x=0
J〈x−1,x〉 =
i
L
eiφ/LT − i
L
e−iφ/LT ∗.
Note that j = −∂φH , and hence we get
〈ψk, jψk〉 = 2
L
sin
(
2pik − φ
L
)
.
By translation invariance, the expectation values of j and j〈x−1,x〉 are the same in
any eigenstate of H .
The ground state of N non-interacting electrons is given by a Fermi projection
PF on the N lowest energy levels of H . For φ ∈ (0, pi) and N = 2m+ 1 (the even
case being similar), this corresponds to the eigenvectors ψk with k in the interval
[−m,m]. The current expectation value is then
tr(PF j) =
m∑
k=−m
2
L
sin
(
2pik − φ
L
)
.
The sum can be explicitly computed, and in the limit L → ∞ with N/L→ ρ < 1
we get
tr(PF j) = − 1
L
2φ
pi
sin(piρ) +O(L−2).
We conclude that the current is indeed of order 1/L. It vanishes in the large volume
limit but only polynomially in L showing that the gap assumption in Theorem 2.1
is necessary. Note that for φ 6= 0, the time-reversal invariance is broken. In the
time-reversal invariant situation φ = 0, the current vanishes identically.
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